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Previous experimental and numerical studies focused on incompressible fow interactions with multi-scale fractal structures targeting the generation of turbulence at multiple
scales. Depending on various fow conditions, it was found that these fractal structures
are able to enhance mixing and scalar transport, and in some cases reduce fow generated
sound in certain frequency ranges. The interaction of compressible fows with multi-scale
fractal structures, however, did not receive attention as the focus was entirely on the incompressible regime. The objective of this study is to conduct large eddy simulations (LES)
of fow interactions with a class of fractal plates in the compressible regime, and to extract
and analyze different fow statistics in an attempt to determine the effect of compressibility.
Immersed boundary methods (IBM) will be employed to overcome the diffculty of modeling the fractal structures via a body-ftted mesh, with adequate mesh resolution around
small features of the fractal shapes.
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CHAPTER 1
INTRODUCTION

1.1

What is a Fractal?
A fractal -a term frst used by mathematician Benoit Mandelbrot in 1975- represents a

detailed, recursive, and infnitely self-similar mathematical set that exhibits similar patterns
at increasingly small scales. In other words and in the most basic sense, fractals are objects
that display self-similarity over a wide range of scales. Mandelbrot used fractals to extend
the concept of theoretical fractional dimensions to geometric patterns found in nature. One
of the main distinguishing properties between fractals and fnite geometric fgures (e.g. a
square, a circle, a cube, a sphere etc...) is the way fractals scale. For instance, consider
a circle (2D fnite geometry) and a cube (3D fnite geometry). If the radius of a circle
is doubled, its area is increased by a factor of four. Likewise, doubling the edge length
of a cube multiplies its volume by eight. On the other hand, if a fractal’s one-dimensional
lengths are all doubled, the spatial content of the fractal scales by a power, referred to as the
fractal dimension of the fractal, which is not necessarily an integer. The fractal dimension,
Df is defned by equation 1.1 below (see Mandelbrot [41]).
Df =

log(dn )
log( lλn )

(1.1)

λ
rn

(1.2)

ln =
1

r = 4(cos(α) − 1) + d

(1.3)

Pn = Sdn ln

(1.4)

where;
r : the ratio between successive lengths.
Pn : perimeter of the plate at iteration n.
S : the number of sides on the base shape on which the fractal edges are applied.
This parameter (Df ) measures the roughness or smoothness of an object. As an example,
for a line in a 2D plane, a value of one denotes a smooth straight line, whereas any value
greater than one denotes a rough shape, with the maximum value of Df being 2. Equations
1.1-1.4 represent the parameters involved in creating the edges of the fractal plates.
The generation of the fractal shape, which are considered and analyzed in this study, is
described next for the purpose of clarifcation. Consider a straight line segment of length
λ as illustrated in fgure 1.1 (a). For the frst iteration (n = 1), λ is replaced by a number,
d, of segments of length l1 as shown in fgure 1.1 (b). In the second iteration n = 2, the
same procedure as in the frst iteration is carried out but now on each individual segment
of length l1 . The resulting segments have a (smaller) length l2 = l1 /r. For n iterations, the
length of the segment is ln = l(n−1) /r.

2

Figure 1.1: Fractal generation using a square pattern

For instance, if a square pattern (α = 90◦ and d = 8) is used to generate fractal plates
then the dimension of the plates would be Df = 1.5. Figure 1.2 shows the base, frst and
second iteration shapes using a square pattern. Note that the number in parenthesis in (b)
and (c) denotes the number of iteration. Figure 1.2 (d) illustrates the third iteration fractal
using the square pattern (not considered in the current study).

3

(b)

(a)

(c)

(d)

Figure 1.2: Illustration of the base, frst and second iteration fractals resulting from a square
pattern with: (a) square; (b) fractal 1; (c) fractal 2; (c) fractal 3.

4

1.2

Fractals and Turbulence
Application of fractals to turbulence traces back to the 1980s, when K. R. Sreenivasan

and C. Meneveau [65] unprecedented work investigated the speculations frst posed by
Mandelbrot [40] [42] stating that several facets of fully developed turbulent fows are fractals. Their pioneering work shed light on the subject through carefully designed experiments, from that time on many studies have been conducted trying to unveil the mysteries
of fractals and their applications.
Going through the literature of fractals in fow-related studies, one can identify two
main streams; one focusing on the fractal nature of turbulence and the other on fowstructure interactions. Earlier studies, the 1990s, followed the footsteps of Mandelbrot,
Sreenivasan, and Meneveau in studying the relevance between fow structures in turbulent fows and fractal patterns. In the same context, Vassilicos and Hunt [69] examined
the fractal dimensions and spectra of interfaces in fuid fow. As a consequence of their
analyses, they identifed two distinct types of self-similarity; a local (K-fractals) and a
global (H-fractal) self-similarity. Moreover, they found that conditions for the existence
of self-similarity based on the Kolmogorov capacity are more reliable than those provided
by spectrum methods. Following the same trend, Scotti et al. [59] studied the fractal
dimension of velocity signals in the setting of high-Reynolds-number turbulence. The
fndings indicated that velocity signals possess a fractal dimension of D ' 1.7 ± 0.05 at
high Reynolds numbers. This fractal dimension is very close in value to that expected for
Gaussian processes (D = 53 ) with a − 53 power law in their power spectrum, the authors
added.
5

While the frst stream of studies (fractal aspects of turbulence), such as Meneveau
and Sreenivasan 1991 [44] in addition to those mentioned above, dominated in the past
few decades, research on subjects related to the second stream (fow-fractal interactions)
started more recently. This new direction of research opened the door towards a variety
of branches. One major branch is fractal generated turbulence. This subject captured the
attention of many researchers (Mazzi and Vassilicos 2004 [47], Hurst and Vassilicos 2007
[33], Seoud and Vassilicos 2007 [61], Mazellier and Vassilicos 2010 [46], Stresing et al.
2010 [62]). Their results uncovered distinctive and signifcant characteristics such as unusually high turbulence intensities, Reynolds numbers, decay rates, and a constant ratio
of the integral scale to the Taylor microscale during decay compared to those obtained by
a regular grid with the same or even higher blockage ratio. Other studies found that, for
the same Mach number, fractal grids remarkably enhanced the level of turbulent mixing
compared to that observed in regular grid turbulence as stated by Suzuki at al. [63]. These
studies considered different types of fractal-generating patterns to create fractal grids, patterns and grids include but not limited to those depicted in fgures 1.3 and 1.4. In the
same context of fractal-generated turbulence, a sect of researchers adopted a mix between
the two approaches, classical and fractal grids, as they employed active grids that allow
dynamical generation of fow felds. Experiments of this kind showed strong differences
in the turbulent decay [72] and allowed elevated Reynolds numbers further downstream
compared to passive grids [68]. See also Geipel et al. [26], Laizet et al. [38] [39], Nagata
et al. [48], and Suzuki et al. [64].
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(a)

(b)

(c)

Figure 1.3: Illustration of some fractal-generating patterns (a) cross pattern; (b) I pattern;
(c) square pattern (Hurst and Vassilicos 2007 [33]).

(a)

(b)

(c)

Figure 1.4: Illustration of some grids for generating turbulence (a) nonclassical cross grid;
(b) I grid; (c) square grid (Hurst and Vassilicos 2007 [33]).
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Another major branch concerned fow past fractal objects. While some covered wakes
generated by fractal plates as in Nedic et al. [50] who concluded that the wake statistics can
be considered to be axisymmetric to a good approximation at x /l ≥ 10 and increasingly
so for increasing x /l . Others studied forest canopies characterized by fractal/tree-like objects as done by Bai et al. [4] [5] [6] whose results suggest that models of the mixing
length for fows through single or sparse canopies of multi-scale trees must incorporate
information about multi-scale clustering of branches. Schröttle and Dörnbrack [58], on the
other hand, focused more on the thermal aspect of the structure of the forest fow. Fractalgenerated turbulent jets as well received their share of attention as Caferio et al., and Breda
and Buxton studied them in a variety of settings. In some of these studies, they found that
a fractal turbulence promoter can provide a signifcant heat transfer enhancement for relatively small nozzle-to-plate separation compared to that produced by a regular grid in the
same conditions of power input [16]. They also found that multi-scale fractal geometries
affect the large-scale coherent structures of an axisymmetric turbulent jet [13] and [14].
See also Caferio et al. [17] and [19].
To this point, it can be said that research on fractals has matured enough during the past
couple of decades so much so it could be used in tangible, realistic applications. Nedic et
al. [49] studied the aeroacoustic performance of scaled fractal spoilers. Results of these
studies showed that a fractal square spoiler can reduce the noise (up to 4dB) whilst not
affecting the lift and drag characteristics. They also noticed a highly intense bleed fow
as well as an increase in the levels of turbulence intensity, turbulent kinetic energy, and

8

velocity compared to a regular grid spoiler. For more applications, see Thij et al. [67],
Krug et al. [36], and Rodríguez-López [56].
The focus of this study is to study the compressible fow interaction with multi-scale
fractal structures, specifcally, fractal-generated-wakes and their properties and comparisons. Since the main idea of this thesis’ discussion will be about fractal wake generators
-an expression used by Jovan Nedić in his dissertation [51] to denote any object submerged
in a fuid- and the changes these generators introduce to the characteristics of the wake, it
would be benefcial to briefy talk about the wake itself and the effects of its characteristics
on the body that generates it. In very simple terms, whenever a moving fuid encounters a
body, streamlined or blunt, a wake will form. This wake-generation phenomenon is what
makes fuid-body interactions a very hot topic as the different characteristics of the wake,
such as its size, structure, and dynamics, can severely affect the body’s aerodynamics,
structural integrity and the noise it generates. In recent years, researchers in the feld of
fuid dynamics, particularly in turbulence, have directed their attention towards investigating ways to “manipulate” and control the numerous parameters of the wake by means of
multi-scale fractal structures in an attempt to ultimately achieve greater effciency.

1.3

Wake generators
Let us frst start by drawing a distinction between the various wake generators since

their nature and characteristics affect the way in which control methods behave, this fact
will be clearer once the examples of the two approaches are discussed. Wake generators
can effectively be split into two main categories depending on the amount of drag they
9

produce and the variables contributing to it. Objects producing relatively small drag are
referred to as streamlined objects, whereas, those with much larger drag are called blunt
objects. Blunt objects’ drag is mainly dominated by pressure effects as opposed to streamlined objects’ drag where skin friction effects represent the main contributor. Nevertheless,
it is important to note that a streamlined body can become blunt under certain conditions.
For example, wings are, by far, considered to be the most streamlined bodies, however,
when the angle of attack of a wing passes a specifc value, usually referred to as the maximum angle of attack αmax ( 12 to 15◦ for commercial airplanes, higher for fghters), the
wing experiences stall, a phenomenon that causes the drag to suddenly increase and therefore the wing becomes blunt. Moreover, when other aspects of the body, such as its length
and aspect ratio, are taken into account, the generator can be further subdivided into numerous sub-categories each of which behaving differently. For instance, a fnite length
body creates two-dimensional fow while if the body’s length is infnite, the resulting fow
is three-dimensional. Similarly, if the aspect ratio, taken here to be the ratio between a
frontal length and the depth of the object, is fnite, the body has a non-negligible thickness,
Reynolds number effects can be clearly seen as the boundary layer develops over the body.
On the other hand, if the aspect ratio is infnite, meaning that the body has negligible or
zero thickness, these effects play no role since the boundary layer does not exist. Having
this in mind, one can expect that different setups require different mechanisms to control
the aerodynamic properties of the body and the wake it generates. See fgure 1.5 for an
illustration of the different categories of wake generators.

10

Figure 1.5: Defnition of various wake generators (Jovan Nedić’s dissertation [51])
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1.4

Wake Control
In literature, wake control is classifed into two main approaches; one that uses pas-

sive methods and another using active methods. In a passive control approach, control
techniques are based on altering a certain aspect(s) in the setup of the experimental or
numerical study and then observe the effects of this alternation(s) on the results of the
study. It is worth noting that passive control techniques do not introduce or implement
any moving parts as opposed to active control methods which employ moving parts such
as actuators and sensors. Examples of both active and passive control are presented in
subsequent subsections.

1.4.1

Passive control

To shed light on some passive control methods, let us examine some examples. First,
let us examine the effects of freestream fow conditions. Freestream fow conditions in
experimental and numerical studies are not always similar to those experienced in reality.
For instance, some of these studies base their work on the assumption of laminar freestream
fow, however, in reality it is almost impossible to have a fow with no fuctuations, i.e. a
perfectly laminar fow. That is not to say that their work and results are not of much utility
or it can be overlooked, on the contrary, previous works, such that done by Abbott and
Von Doenhoff [1] who studied a large number of airfoil sections and summarized their
lift, drag, and pitching moments, represent good basis for new studies. Still, investigations
with more realistic freestream fow conditions are important as their results may help us to
better understand the ways in which a turbulent freestream affects the performance of the
12

wake generator. Thus, a very good and essential question would be how does a turbulent
freestream affect the performance of a wing section? A study conducted by Hoffmann [29]
who used a NACA0015 wing section answers this question. He arrived at the conclusion
stating that stall is delayed as the turbulence intensity of the freestream is increased which
also results in an increase in the maximum lift and drag coeffcients of the wing.
This increase in lift is due to the fact that the turbulent freestream forces the laminar
boundary layer over the surface of the wing to transition and become turbulent making it
sustain higher pressure gradients, which eventually delays separation and allow the wing
to still have lift at higher angles of attack. As far as the increase in drag is concerned,
the turbulent boundary layer results in an increase in skin friction which causes the overall
drag of the wing to increase as well. In order to draw the connection between this and the
generated wake, one should keep in mind that these two, body and wake, are linked and
that one cannot exist without the other. Moreover, if the characteristics of one are altered,
the characteristics of the other are also altered.
One way to show this connection is by considering the momentum thickness θ in the
wake. The second equation of fuid motion, the momentum equation, states that the momentum is conserved, which in this case means that, the increase in drag, due to the turbulent freestream, results in an increase in the momentum thickness as well. There are three
outcomes that can occur as a result of these changes, either the velocity defcit in the wake
or its size changes, or both. This demonstrates how a change in the aerodynamic properties
of the wake generator can end up changing the properties of the generated wake.

13

In the case of a bluff body, a cylinder for instance, turbulent freestream fow affects the
boundary layer in a way similar to that observed for a streamlined object, that is, it causes
it to transition. However, for a bluff body, the drag actually decreases as the separation
point of the fow is pushed away to the back from the cylinder, resulting in a reduction in
the size of the wake. It is for the same purpose that golf balls have dimples, they create a
thin turbulent boundary layer that reduces the drag and allow the ball to travel for a farther
distance. See Zdravkovich [73] for more details regarding fows over circular cylinders.
With these two examples, it is very apparent that the boundary layer plays an essential
role, nevertheless, one might think what would happen if there was no boundary layer
which is the case for objects with infnite aspect ratio, i.e. bodies with zero thicknesses?
The following paragraphs hold the answer to this important question.
To study the effects of turbulent freestream on objects with an infnite aspect ratio,
such as fat plates and disks, fgure 1.5 (c) and (d), researchers like Bearman and Morel
conducted many investigations using square plates and circular disks of different sizes,
see [7] and [8]. Bearman’s results showed that with the presence of turbulence in the
freestream, the base pressure CP b became more negative causing the drag to increase. A
more quantitative result of his study would be that of the eight inch square plate that had
a CD of 1.152 with a laminar freestream, however, with a turbulent freestream, its value
increased by a small percentage. Another study by Humphries and Vincent [1976a,b]
found that by increasing the integral length scale and turbulent intensity in the turbulent
freestream, the drag of a circular disk could be increased to a value up to 1.28. Humphries
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and Vincent [31] [32], as well as Bearman [7], all proposed that this drag increase is related
to the shear layer.
For both laminar and turbulent freestreams, fow separation results in the formation of a
shear layer that will transition somewhere close to the point where separation occurs. This
transition point, as Bearman [7] states, is fairly the same for both freestreams, nevertheless,
for the case of turbulent freestream, there was an apparent increase in the amount of turbulence at the transition point. The nature of the freastream, laminar or turbulent, does not
change the fact that the shear layer drives the fow from the base to the freestream, however,
the rate at which the fow is driven is remarkably higher for the turbulent freestream. A
direct result of this increase in the rate of entrainment is the reduction in the base pressure
which eventually causes the drag of the plate to increase. This entrainment rate is controlled, as Bearman [7] argues, by the scale and intensity of the energy containing eddies, a
relation that relates this rate to the base pressure is given by CP b ∝ (u0 /U∞ )(L2x /A), where
u’ is the rms of the velocity, A is the area of the plate and Lx is the longitudinal integral
length-scale of the turbulent freestream. It can be seen that an increase in turbulence results
in an increase in drag. This result is only true if the eddies are small enough to mix with the
wake i.e. L2x < A, otherwise, if the eddies are larger than the body, L2x ≥ A, they do not
mix with the wake and the drag of the plate is predicted as (CD )T = CD (1 + (u0 /U∞ )2 ).
In order to quantify turbulence in the freestream and the change in drag this turbulence result in, Humphries and Vincent [31] introduced a turbulence parameter Λ ≡
(Lx kf0.5 )/dU∞ , where kf is the kinetic energy of the turbulent freestream and d is the
diameter of the disk. This parameter was utilized by Humphries and Vincent [32] to inves15

tigate the drag coeffcient of square and circular plates of varying size for different values
of Λ. They found that with the absence of turbulence, the drag coeffcient of a circular
disk and a square plate are, respectively, 1.12 and 1.16. Other results showed that when
introducing turbulence to the freestream, the drag coeffcient of the two plates increases to
values as much as 1.2 and 1.28 depending on the value of the turbulence parameter Λ.
To sum up, one can passively alter the various fow variables and hence the performance
simply by introducing turbulence to the freestream. Nevertheless, as discussed above, it
should be noted that the effects of this turbulent freestream differ from one body to another
depending on the characteristics that defne the body itself. To illustrate this fact, the aspect
ratio of the body was taken as example and it has been shown that if this latter is fnite,
the body has non-negligible thickness, turbulence in the freestream forces the boundary
layer to transition and hence delay separation resulting in an increase in lift and a slight
increase in drag for a streamlined body, a wing, and a smaller wake and thus less drag
on a blunt body, a cylinder. On the other hand, if the aspect ratio is infnite, negligible or
zero thickness, turbulence in the freestream causes a transition in the shear layer and an
increase in the rate at which the fow is driven from the base to the freestream resulting
in an increase in drag. Although these aspects are held true only up to a certain Reynolds
number -because as this latter increases, the boundary layer becomes turbulent regardless
of the turbulence in the freestream, studying how turbulence in the freestream affects the
aerodynamic properties and thus the performance of wake generators paved the way to
developing other methods to achieve passive fow control.
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Another method of passive fow control is known as surface alternations. This method
comes into play whenever the turbulence in the fow is not adequately high to create the
wanted effects. Therefore, changes are made to the surface of the wake generator either by
placing objects on it or deforming it in order to force the boundary layer to transition at an
earlier stage. For blunt objects like spheres, deforming the surface by creating dimples, as
it is the case for golf balls, triggers the boundary layer and causes it to transition resulting
in a delay in separation, a reduction in the size of the wake, and a decrease in drag, see
Choi et al. [2006] [22] Similar effects are achieved for streamlined objects such as wings
when using vortex generators which remain essential for delaying stall. The downside of
surface alternations is that they are only limited to objects with fnite aspect ratio where
there is room to actually ft them. For infnite aspect ratio on the other hand, these methods
cannot work.
To fll in this gape, porosity or base bleeding is utilized as a method to passively control the fow for objects with infnite aspect ratio. Porosity passive control is attained by
creating holes with specifc dimensions in the body. A study by Castro [1971] [20] states
that the re-circulation bubble detached from the body before it moved further downstream
when more “bleeding” of the air through the plate was allowed as a result of increasing
the porosity i.e. the ratio of open to solid areas. The bubble behind the object, as the
study suggested, could be thoroughly eliminated if the entrainment in the shear layer was
large enough or when correct porosity geometry was employed. As far as the aerodynamic
properties of the wake generator are concerned, steadily increasing the porosity of the object resulted in a reduction in the drag coeffcient. Progressively adding more openings to
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the plates identifed two distinct regimes, in one regime the bubble still exists and vortex
shedding is observed, whilst in the other one, the bubble along with the vortex shedding
both vanish corresponding to a porosity of about 30%. Moreover, a slight increase in the
Strouhal number is observed as the porosity increases, however, this change is relatively
small.
The reason why the aerodynamic characteristics of the wake generator change is that
base bleeding prevents the shear layers from interacting with each other. For the sake of
comparison, a similar effect is observed when splitter plates are used on blunt bodies as
shown by Bearman [1965].
It is worth mentioning that the effectiveness of the method does not only depend on
the porosity of the object, but also on its geometry and the manner in which it is achieved.
Kim and Lee [2001] [35] demonstrated this fact by showing that a 25% porosity on a
square that was one time achieved by creating one big hole and another time by having four
smaller holes produced different fow regimes behind the plate. Although this result makes
it possible for one to think of countless combinations of porosities and holes’ geometries
that create different turbulent intensities and momentum fow rates, each of which affecting
the bubble, vortex shedding and the drag of the plate differently, but there are clear signs
showing that base bleeding can be a very effective tool in interacting with the re-circulating
region of the fow.
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1.4.2

Active control

As mentioned above, the other approach to control the fow is known as active fow
control. The main idea of this approach is to actually have some kind of active mechanism
controlling the fow, this means that the parts of the mechanism are allowed to move as
opposed to passive control where in the case of placing objects on the body, as it is the case
for surface alternations, these objects are fxed all the time. The closest passive method
to active fow control is base bleeding as it is possible to place jet actuators in the holes
in order to actively control the fow as it passes through the porous body. This method is
however limited to bodies with fnite aspect ratio and that is simply because bodies with
infnite aspect ratio have no room to place the jet actuators.
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CHAPTER 2
MOTIVATION AND PURPOSE OF THE THESIS

Controlling the nature of the unsteady velocity feld in the wake through novel engineering solutions is vital to decrease the drag force, enhance mixing and scalar transport,
and also reduce the far-feld radiated fow-generated-sound. Perhaps the most popular and
convenient technique to control/manipulate unsteady fows is through geometrical/shape
modifcations. Similar techniques were discussed above in the surface alternation section.
The core idea behind such methods is to force/restrict the fow in the proximity of the solid
boundaries to behave in a particular manner by adjusting the parameters of the fow. Having
so many examples of fow manipulation via surface modifcation in the fuid mechanics’
literature render it very diffcult and laborious to comprehend all studies. Therefore, in this
study, the main focus is directed towards fow manipulation by multi-scale fractal structures. In the last decades, this technique has received increased attention because of its
potential to enhance the mixing and scalar transport, which is desired in many engineering
applications, as well as to help understand fundamental concepts in turbulence theory.
Numerous previous experimental and numerical studies have targeted interactions between fows and multi-scale fractal structures. They have established that fractal grids
installed in wind tunnels result in higher turbulence intensities and a more enhanced tur-
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bulent mixing when compared to those obtained using regular grids (Hurst et al. [33] and
Suzuki et al. [63]). Moreover, it has been shown that the highly turbulent fow generated by the fractal structures reduces the impact of the recirculation region around aircraft
parts, such as spoilers, and with it the low-frequency noise, that is less susceptible to atmospheric attenuation, resulting in an overall reduction in the aerodynamic noise (Nedic
et al. [51], Rodriguez-Lopez et al. [56]). These results are in agreement with the ones by
Breda and Buxton [13] showing that the fractal geometry signifcantly changes the nearfeld structure of the jet as it breaks up the large-scale coherent structures, responsible for
the low-frequency noise, and thereby affects the entrainment rate of the background fuid
into the jet stream. Wakes generated by incompressible fows interacting with objects featuring fractal shapes have been studied experimentally and numerically by Nedic [51] (see
also Nedic et al. [50]).
While prior studies have been exclusively targeting incompressible fows in different
scenarios, the compressible regime did not receive much attention. In the compressible
regime, it is expected that the physics of the interaction between the fow and fractal shapes
differ from that of the incompressible regime as a result of the so-called ‘shielding’ effect
due to compressibility effects around small-scale fractal structures. In addition, manipulating (i.e., reducing) the aerodynamic noise would be more relevant at high speeds. Moreover, at high subsonic Mach numbers, transonic effects come into play making it possible
for ‘shocklets’ to occur around small fractal structures. The goal of this thesis is to explore
these presumptions through numerical experiments.
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In the context of fow interactions with fractal structures, many interesting questions
come to mind, notably; (i) How does the fractal geometry affect the spatio-temporal behavior of the dominant turbulent structures produced? (ii) What role does the compressibility play in the interaction between multi-scale fractal structures and high Mach number
fows?; (iii) Is there a ‘shielding’ effect associated with small-scale fractal structures for
high-speed fows?; (iv) Will ‘shocklets’ be generated around small-scale fractal structures
for high compressible Mach numbers?
This study will answer some of these questions by conducting numerical simulations.
The numerical tool is a high-accurate solver, discretizing the unsteady, compressible, conservative form of the Navier-Stokes equations written in body-ftted curvilinear coordinates. The fractal structures are modeled using immersed boundary methods, with suffcient mesh resolution in the proximity to the small fractal structures. The test cases will
include both jets emanating from regular and fractal orifces, and wakes from various objects featuring fractal shapes.
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CHAPTER 3
PROBLEM FORMULATION AND NUMERICAL ALGORITHM

3.1 Scalings
The equations considered here involve a generalized curvilinear coordinate transformation, which is written in the three-dimensional form as ξ = ξ (x, y, z) , η = η (x, y, z) , ζ =
ζ (x, y, z), where ξ, η and ζ are the spatial coordinates in the computational space corresponding to the streamwise, wall-normal and spanwise directions, and x, y and z are the
spatial coordinates in physical space. This transformation allows for a seamless mapping
of the solution from the computational to the physical space and vice-versa. All dimensional spatial coordinates are normalized by the reference length D associated with the
fractal geometry,
(x∗ , y ∗ , z ∗ )
(x, y, z) =
,
D

(3.1)

the velocity is scaled by the freestream velocity magnitude V∞∗ ,
(u, v, w) =

(u∗ , v ∗ , w∗ )
,
V∞∗

(3.2)

the pressure by the dynamics pressure at infnity, ρ∗∞ V∞∗2 , and temperature by the freestream
∗
temperature, T∞
. Reynolds number based on the spanwise separation, Mach number and

Prandtl number are defned as
Rλ =

ρ∗∞ V∞∗ D
,
µ∗∞

V∞∗
,
a∗∞
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Ma =

Pr =

∗
µ∞
Cp
∗
k∞

(3.3)

∗
where µ∗∞ , a∗∞ and k∞
are freestream dynamic viscosity, speed of sound and thermal con-

ductivity, respectively, and Cp is the specifc heat at constant pressure. All simulations are
performed for air as an ideal gas.

3.2

Governing equations
In conservative form, the fltered Navier-Stokes equations are written as

Qt + Fξ + Gη + Hζ = S.

(3.4)

where subscript denote derivatives, the vector of conservative variables is given by

Q=

1
{
J ρ,

ρui ,

T
E } , i = 1, 2, 3

(3.5)

ρ is the non-dimensional density of the fuid, ui = (u, v, w) is the non-dimensional velocity
vector in physical space, and E is the total energy. The fux vectors, F, G and H, are given
by
1
F=
J

T


ρU,


1
G=
ρV,
J

1
H=
ρW,
J

ρui U + ξxi (p + τi1 ),

EU + pŨ + ξxi Θi

,

(3.6)

,

(3.7)

T
ρui V + ηxi (p + τi2 ),

EV + pṼ + ηxi Θi

T
ρui W + ζxi (p + τi3 ),

EW + pW̃ + ζxi Θi

(3.8)

where the contravariant velocity components are given by

U = ξ xi u i ,

V = η xi u i ,

W = ζ xi u i

(3.9)

with the Einstein summation convention applied over i = 1, 2, 3, the shear stress tensor
and the heat fux are respectively given as
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µ
τij =
Re



∂ξk ∂ui ∂ξk ∂uj
+
∂xj ∂ξk ∂xi ∂ξk

Θi = uj τij +



2 ∂ξl ∂uk
− δij
3 ∂xk ∂ξl

µ
∂ξl ∂T
2
(γ − 1)M∞ ReP r ∂xi ∂ξl


(3.10)

(3.11)

and S is the source vector term.
The pressure p, the temperature T and the density of the fuid are combined in the
2
when non-chemically-reacting fows are considered; when
equation of state, p = ρT /γM∞

chemically reacting fows are taken into account, equations of species are used instead.
Other notations include the dynamic viscosity µ, Reynold’s number Re = ρV∞∗ λ∗ /µ based
on a characteristic velocity V∞∗ , and a characteristic length L,the free-stream Mach number
M∞ = V∞∗ /a∗∞ . The Jacobian of the curvilinear transformation from the physical space to
computational space is denoted by J. The derivatives ξx , ξy , ξz , ηx , ηy , ηz , ζx , ζy , and ζz
represent grid metrics. The dynamic viscosity and thermal conductivity k is linked to the
temperature using the Sutherland’s equations in dimensionless form,
µ = T 3/2

1 + C1 /T∞
;
T + C1 /T∞

k = T 3/2

1 + C2 /T∞
,
T + C2 /T∞

(3.12)

where for air at sea level, C1 = 110.4K, C2 = 194K, and T∞ is a reference temperature.
There are no subgrid scale terms in equation (3.4) since an implicit large eddy simulation
framework is considered here.

3.3

Numerical framework
The compressible Navier-Stokes equations are solved in the framework of implicit large

eddy simulations, where numerical fltering is applied to account for the missing sub-grid
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scale energy. The numerical algorithm uses high-order fnite difference approximations for
the spatial derivatives and explicit time marching. The time integration is performed using
a third order TVD Runge-Kutta method (Shu and Osher [60]) written in the form
Q(0) = Qn
Q(1) = Q(0) + ΔtL(u(0) )
3 (0)
Q +
4
1 (0)
Q +
=
3

Q(2) =
Qn+1

1 (1)
Q +
4
2 (1)
Q +
3

1
ΔtL(Q(1) )
4
2
ΔtL(Q(2) ),
3

(3.13)

where L(Q) is the residual.
The spatial derivatives are discretized using dispersion-relation-preserving schemes of
Tam and Webb [66] or a high-resolution 9-point dispersion-relation-preserving optimized
scheme of Bogey et al. [11]. The frst derivative at the lth node is approximated using M
values of f to the right and N values of f to left of the node.


∂f
∂x


l

M
1 X
'
aj fl+j
Δx j=−N

(3.14)

By taking the Fourier transform of the above equation, the coeffcients aj are found by
minimizing the integrated error of the difference between the wavenumber of the fnite
difference scheme and the wavenumber of the Fourier transform of the fnite difference
scheme. The coeffcients aj are given in table 3.1.
To damp out the unwanted high wavenumber waves from the solution, high-order spatial flters, as developed by Kennedy and Carpenter [34], are used. No slip boundary condition for velocity and adiabatic condition for temperature are imposed at the solid surface.
Sponge layers are imposed in the proximity of the far-feld boundaries, regions that are
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Table 3.1: Weights of the centered stencils
Stencil

a1 = −a−1

a2 = −a−2

a3 = −a−3

a4 = −a−4

DRP

0.77088238

-0.16670590

0.02084314

0

F Do9p

0.84157012

-0.24467863

0.05946358

-0.00765090

outside the fow domain of interest (this is combined with grid stretching and sponge layers to damp the unwanted waves). These sponge layers are designed to damp out the waves
of all wavenumbers leaving the domain or refecting back from the far-feld boundaries.
Shock capturing techniques are needed to avoid unwanted oscillations that may propagate from potential discontinuities that can develop in supersonic fows. We apply a
shock capturing methodology that was proven to work effciently for high-order, nonlinear computations (Bogey et al. [10]). Since in the present work high-order, centraldifference schemes are used to achieve increased resolution of the propagating disturbances, a straightforward approach is a model which introduces suffcient numerical viscosity in the area of the discontinuities, and negligible artifcial viscosity in the rest of the
domain. A shock-capturing technique, suitable for simulations involving central differences in space is applied, based on the general explicit fltering framework. The technique
introduces selective fltering at each grid vertex to minimize numerical oscillations, and
shock-capturing in the areas where discontinuities are present (more details can be found
in Bogey et al. [10]).
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Because of their high geometrical complexity, the fractal structures will be modeled
using an immersed boundary method (IBM) based on a penalization approach.
The frst recorded IBM was employed by Peskin [53] to simulate the interaction of the
blood fow with a heart valve, modeled as non-conforming elastic solid. Peskin introduced
the effect of the solid by smearing it on the cells adjacent to the interface. Peskin achieved
that by means of a fctitious force in the momentum equation along with a carefully selected discretized Dirac delta function. In his case and other similar cases where elastic
deformation is involved, Hook’s constitutive law is implemented in order to determine the
forcing term and solid velocity. Peskin’s approach and many of its kins are referred to as
continuous forcing approaches since the addition of the immersed boundary force takes
place prior to the discretization of the equations. Many other researchers came up with extensions of this type of methods in order to handle solid boundaries in the rigid limit. See
the work of Lai and Peskin [37] and Goldstein et al [28]. Yet, these approaches suffer from
stiffness problems in the limit of rigid solids as a result of the high gradients of the forcing
term. Moreover, the Dirac delta function mapping the variables from the fuid Cartesian
grid to the solid Lagrangian grid somehow blurs the location of the solid interface. Therefore, high spatial resolution is needed to obtain an accurate representation of the interface.
To overcome the presented issues, researchers proposed an alternative class of IBM in the
form of penalization methods (Angot et al. [2], Vincent et al. [71]). This approach proved
high effciency with complex geometries such as those encountered in fsh-like swimming
applications ([9], [25] and [27]). Other applications of this method include areas dealing
with compressible fows ([12] and [55]), combined with level-set methods for interface
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tracking problems ([9], [21] and [25]), fuid-structure interactions problems as in [30] or
[24], and highly turbulent fows ([9] and [70]). See also [54] and [45].
The volume penalization IBM is a method that renders easier simulating fow past complex geometries, e.g. multi-scale fractal structures, using a non-body conformal Cartesian
grid instead of employing structured or unstructured grids that conform to the body. In
this approach, the Cartesian volume grid is generated regardless of the immersed solid
boundary surface grid, which only cuts through the Cartesian grid.
This study adopts the immersed boundary method based on the Penalty method, frst
introduced by Arquis [3]. The construction of the solid geometry inside the Cartesian grid
is achieved by adding a forcing term f to the momentum equations that represents the
impermeability of the fractal geometry to the governing equations along with the multiple
geometrical constraints that defne the fractal objects. In other words, the immersed solid
is considered as a porous media with a very small permeability.
In this sense, the equations for the utilized IBM method are given as follow:
Dρ
Dρ
σ
=
−
(ρ − ρib )
Dt
Dt Jdt
σ
Dρu
Dρu
−
(ρu − ρuib )
=
Dt
Dt
Jdt
DE
DE
σ
=
−
(E − Eib )
Dt
Dt
Jdt

(3.15)

Where σ represents the forcing term. ρib , ρuib , and Eib are, respectively, the density,
velocity vector, and energy variables imposed by the Immersed Boundary and J is the
Jacobian. As far as the value of the forcing term σ is concerned, a value of 2.3 was found
to result in very favorable impermeability. That is, the penalization IBM successfully
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fully-stopped the fow at the boundaries of the fractal structures while preserving their
geometrical details.
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CHAPTER 4
RESULTS

In this chapter, results of the LES simulations are shown for fow around the three considered fractal structures as illustrated in fgure 1.2. As for the Mach number of the simulations, four different Mach numbers in both incompressible and compressible regimes are
considered in this study, M = 0.2, 0.4, 0.6, and 0.8. The Reynolds and Prandtl numbers
are, respectively, set to 288,000 and 0.72. All wake generators for all Mach numbers have
an equal thickness of 0.001 m while the reference length, taken here to be the side of the
square, is equal to 0.04 m. Due to the insignifcance of the thickness of the wake generators, these plates are regarded as bodies of zero thickness, hence, no boundary layer is
expected to develop on their edges.
The following sections cover in details the qualitative and quantitative analysis of the
study. The analyses, frstly, compares the fndings of the present study, for the incompressible case, e.i. M = 0.2, to previous studies in the same regime in order to examine the
fdelity of the numerical method. Secondly, the four cases will be analyzed one at a time in
order to present and reveal their individual characteristics. Thirdly, in addition to answering to some of the inquiries previously stated in chapter 2, a comparison of the cases in the
two regimes is considered in an attempt to draw the connection between the increase in the
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Mach number, along with the complexity of the wake generator, and the generated wakes.
In other words, fnd an answer to how does the transition from the incompressible regime
to its compressible counterpart affect the nature and properties of the wakes resulting from
the different fractal structures?

4.1 Fidelity examination of the numerical method
4.1.1 Case I: M = 0.2
Prior studies conducted on fractal structures in the incompressible regime revealed
many important fndings. Notably; fractal structures increase turbulence intensities in the
wake by means of breaking large-scale coherent structures into much smaller ones, and
therefore, enhance turbulent mixing.
Similar qualitative observations can be seen when examining the fndings of the present
study in the incompressible regime, e.i. M = 0.2. By looking at fgure 4.1 one can notice
that introducing more irregularity to the wake generator result in a reduction in the size
of the near-feld structures of the wake, particularly, when comparing the square and the
2nd iteration fractal plates. By Considering the 2D contour plots illustrated in fgure 4.2,
a couple of observations can be stated about these two cases; (i) It can be seen that the
wake of the 2nd iteration fractal wake generator is a bit wider and longer than that of the
square. In fact, as far as the length of the wakes is considered, for all cases, the 2nd fractal
results in the longest wake, followed by the 1st fractal, then the square as can be seen in the
velocity defcit plots in fgure 4.13. The width on the other hand differs from one case to
another as will be seen in the subsequent section. (ii) The irregularity of the 2nd iteration
fractal wake generator introduces regions of accelerated fow in the form of streaks inside
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the wake, consequently, breaking up the uniformity of the near-feld wake. Results of the
1st iteration fractal, however, show that this latter does not affect the size of the near-feld
coherent structures, in fact, it appears that the resulting structures are more coherent and
larger than those of the other two plates.
A more quantitative examination confrms the above observations. Turbulent kinetic
energy plots along longitudinal and transversal segments depict a considerable difference
between the TKE level of the 2nd iteration fractal and the levels of the other two plates,
with the 1st iteration fractal showing the lowest level, fgures 4.9 and 4.10. The transversal
segments were placed at x = 3, 5, and 7 behind the wake generators. Likewise, plots of the
turbulent fuxes in the transversal direction illustrate an analogous behavior, fgure 4.11.
Having all this in mind, it could be concluded that the numerical method employed in
this study generates results equivalent to those of similar previous studies in the incompressible regime.
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(a)

(b)

(c)
Figure 4.1: Iso-surfaces of vorticity magnitude colored by streamwise velocity contours at
freestream Mach number 0.2: (a) square; (b) fractal 1; (c) fractal 2.
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Figure 4.2: Contours of streamwise velocity magnitude in the xz-plane at freestream Mach
number 0.2: (a) square; (b) fractal 1; (c) fractal 2.
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4.2 Compressible regime case studies
4.2.1 Case II: M = 0.4
Starting with the lower Mach number M = 0.4 case, it can be seen in fgure 4.3 that the
near-feld structures for this case are slightly different from those observed in the case of M
= 0.2. This time, in the region adjacent to wake generator, the square plate appears to result
in the smallest structures compared to the other two plates. Nevertheless, moving a little bit
farther downstream, it could be seen that wake of the square somewhat maintains the same
size of the structures, while those of the 2nd iteration fractal become smaller. This is also
seen in the transversal turbulent kinetic energy 2D plots in fgures 4.9. The TKE level at
x = 3 is highest for the square plate, however, the 2nd iteration fractal TKE level increases
for farther downstream positions as shown in the plots corresponding to the x = 5 and x =
7 locations. The 1st iteration fractal plate still maintains the lowest levels of the TKE and
turbulent fux in a similar fashion to that of the M = 0.2 case. Yet, the longitudinal TKE
levels of all three wake generators are to a certain extent alike, fgure 4.10. The width of
the wakes, as opposed to the M = 0.2 case, is to some extent indistinguishable for all three
plates. For the turbulent fux in fgure 4.11, all three curves are almost atop each other at x
= 3. At x = 5 and x = 7, these curves are not exactly matching, however, the difference is
minimal.
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(a)

(b)

(c)
Figure 4.3: Iso-surfaces of vorticity magnitude colored by streamwise velocity contours at
freestream Mach number 0.4: (a) square; (b) fractal 1; (c) fractal 2.
37

Figure 4.4: Contours of streamwise velocity magnitude in the xz-plane at freestream Mach
number 0.4: (a) square; (b) fractal 1; (c) fractal 2.
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4.2.2

Case III: M = 0.6

Results of this case turn out to be quite surprising in the sense that they do not follow
the trend of the two previous cases. The 1st iteration fractal yields the highest level of
transversal turbulent kinetic energy in the region closest to the plates (x = 3). In the same
region, the 2nd iteration fractal generates the lowest level of this parameter while the square
plate maintains an intermediate level. For the x = 5 and the x = 7 locations, all three wake
generators approximately produce similar transversal TKE, see fgures 4.9. The longitudinal TKE in fgure 4.10 also shows that the wake of the 1st iteration fractal possesses the
highest level of TKE. For the turbulent fux plots, the plates result in comparable levels
at all locations, with a very small unmatching for x = 5 and x = 7. Regarding the size of
the structures of the wakes, the 1st iteration fractal correspond to smaller structures in the
near-feld. However, their structures’ size becomes comparable when moving toward the
downstream. The width of the wakes, on the other hand, depicts an analogous behavior to
that seen in the M = 0.4 case, that is, it is almost identical for all three plates.
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(a)

(b)

(c)
Figure 4.5: Iso-surfaces of vorticity magnitude colored by streamwise velocity contours at
freestream Mach number 0.6: (a) square; (b) fractal 1; (c) fractal 2.
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Figure 4.6: Contours of streamwise velocity magnitude in the xz-plane at freestream Mach
number 0.6: (a) square; (b) fractal 1; (c) fractal 2.
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4.2.3

Case IV: M = 0.8

The third case in the compressible regime covers a M = 0.8 fow over the three fractal
structures. The generated wakes of this case share many properties with the previous one
(M = 0.6). Particularly, the apparent dissimilarity in the near-feld transversal TKE levels.
The 2nd iteration fractal plate produces the lowest level of the transversal TKE at x = 3.
The 1st iteration fractal and the square wake generators, at x = 3, have matching transversal TKE levels. Moving farther in the x-direction, this difference in the transversal TKE
diminishes as all three plates result in similar levels, fgure 4.9. The latter fgure also shows
that the wake of the square fractal is a little bit wider than those of the other two plates.
For the longitudinal TKE, levels of the 1st iteration fractal and the square plate correspond
to one another with an evident gap between them and that of the 2nd iteration fractal plate,
fgure 4.10. As far as the turbulent fux is concerned, not much difference can be seen
when comparing the three fractal structures, fgure 4.11.
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(a)

(b)’

(c)
Figure 4.7: Iso-surfaces of vorticity magnitude colored by streamwise velocity contours at
freestream Mach number 0.8: (a) square; (b) fractal 1; (c) fractal 2.
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Figure 4.8: Contours of streamwise velocity magnitude in the xz-plane at freestream Mach
number 0.8: (a) square; (b) fractal 1; (c) fractal 2.
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X =3

X =5

X =7

M = 0.2

M = 0.4

M = 0.6

M = 0.8

Figure 4.9: 2D plots of the mean turbulent kinetic energy linearly interpolated along a
segment in the y-direction (0, y ∈ [-10 10], 0) at x=3, x=5, and x=7 behind the wake
generator.
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M = 0.2

M = 0.4

M = 0.6

M = 0.8

Figure 4.10: 2D plots of the mean turbulent kinetic energy linearly interpolated along the
center-line (x ∈ [0 30], 0, 0)
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X =3

X =5

X =7

M = 0.2

M = 0.4

M = 0.6

M = 0.8

Figure 4.11: 2D plots of <u0 v 0 > linearly interpolated along a segment in the y-direction (0,
y ∈ [-10 10],0) at x=3, x=5, and x=7 behind the wake generator.

47

4.3 Important observations
4.3.1 Restraining of the near-feld large-scale coherence
The transversal two-point autocorrelation plots in fgure 4.12 show that, for all considered Mach numbers, the 2nd fractal wake generator has the highest correlation level
followed by the 1st fractal and then the square plates. These high levels are due to the
fact that the increasing complexity in the geometry of the fractal restrains the (negative)
anti-correlation associated with the (azimuthal) vorticity of the Kelvin-Helmholtz (K-H)
vortices. These results can be seen as an indication of the suppression that the large-scale
coherence undergoes due to the geometrical complexity of the fractal structures. These
fndings are in agreement with those proposed by Breda and Buxton [13].
Similar observations are seen for axisymmetric jets in [18] and [14], grid-generated
fows in [43], and axisymmetric wakes in [52]. The novelty, however, is that the present
study shows that this suppression of coherence does not only occur for fows in the incompressible regime but also in the compressible counterpart.
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M = 0.2

M = 0.4

M = 0.6

M = 0.8

Figure 4.12: 2D plots of the transversal correlation
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4.3.2

Velocity defcit

As far as the velocity defcit in the wakes of the three wake generators is considered, it
could be seen that the 2nd iteration fractal produces the longest wake for all Mach numbers
as illustrated in the 2D contours and fgure 4.13. This apparent difference in length can be
explained by the delayed transition from laminar to turbulent fow that takes place as the
complexity of the plate increases. In other words, the increasing complexity in the geometry of the fractal structures causes the fow to maintain its laminar nature longer, therefore,
resulting in a longer wake. The 3D iso-surfaces clearly show this delay in transition.
The delay itself can be potentially explained by the appearance of streamwise vortices
in the fractal cases which tend to maintain the laminar fow for a longer distance. A resemblance can be made with the delay of transition in boundary layers via streamwise oriented
streaks (Cossu and Brandt [23], Schlatter et al. [57]).
Regarding the hump seen in the velocity defcit curves in the near-wake, it is a direct
result of the recirculation of the fow behind the wake generators. In this region of the
wake, the velocity along the centerline has an opposite direction to the fow. Thus, the
arithmetic difference between the freestream and the centerline mean fow velocities, e.i.
the velocity defcit, increases. The curves in fgure 4.13 were normalized by the freestream
velocity.
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M = 0.2

M = 0.4

M = 0.6

M = 0.8

Figure 4.13: 2D plots of the velocity defcit along the center line
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4.4

Conclusion
This study was in the purpose of investigating wakes generated by compressible fows

over increasingly complex geometries. The study adopted a numerical method in the form
of LES in order to accomplish the task. The numerical tool is represented by a high-order
algorithm solving for the full Navier-Stokes equations written in curvilinear coordinates.
The numerical algorithm uses a third order TVD Runge-Kutta to integrate the governing
equations in time, whereas the spatial derivatives are discretized using dispersion-relationpreserving schemes.
The study employed a square (base structure of side width 1), a 1st iteration fractal, and
a 2nd iteration fractal wake generators. These fractals were obtained by iteratively applying
a square pattern to the base shape, see fgure 1.1.Due to their high level of irregularity, the
fractal structures were introduced to the numerical domain by means of a penalization
Immersed Boundary Method.
In an attempt to clarify the effects of compressibility on the structure of the wakes as
well as on their properties, simulations were carried out using three Mach numbers in the
compressible regime; M = 0.4, 0.6, and 0.8. The incompressible case (M = 0.2) intended
to validate the fdelity of the numerical method by comparing its results to other similar
studies in the same regime. Results of this case showed that the employed numerical
method and IBM properly simulate the intended setting of fuid-structure interaction, as
there was an agreement between them and those of previous studies.
Results of the compressible cases, on the other hand, revealed some interesting points.
Notably; they showed that for different Mach numbers, the plates affected the structure and
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properties of the wake differently as they yielded distinguishable levels of turbulence. For
instance, TKE levels of the 1st iteration fractal were signifcantly lower than those of the
2nd iteration fractal for the M = 0.2 and M = 0.4 cases, however, the two plates somewhat
exchange roles for higher Mach numbers, especially M = 0.6. This suggest that, to this
point, there is no clear relationship or proportionality relating the increase in the Mach
number to the properties of the wake.
Regarding the effects on the structure of the wake, results showed that fractal structures
possessing more irregularities restrain, for both regimes, large scale coherence in the wake.
In the same context they also showed that more complex geometries produce longer wakes
as the irregularities of the structure of the wake generator slightly elongate the laminar
region of the wake, that is to say to a certain extent, higher iteration fractal structures delay
the transition from laminar to turbulent fow.
To conclude with, all these fndings suggest that there is still much to discover about
fractals, their effects, and utility when it comes to felds related to fuid dynamics. It is
hoped that this study has scratched the surface of the subject enough to pave the way to
future research.
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